Dr. Nestler - Math 13 - 4.6 - Rank and Nullity of a Matrix

Previously we defined subspaces of a vector space, and then devel oped ways to generate
subspaces, for example by:

and:

Today we define and study three vector spaces associated with any matrix.

Part 1: Row Space and Column Space
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Let A beanm x n matrix, with A = [a;;] = | 72 2 n
Am1 Am2 ot Amn

The row vectors of A arethe X vectors

The column vectors of A arethe X vectors

We can use these sets of vectors to generate vector spaces.

Definition. The row space of A isthe subspace of spanned by the row vectors of A, and the
column space of A isthe subspace of spanned by the column vectors of A.

Theorem. If amatrix A isrow-equivalent to amatrix B, then the row space of A isthe same as
the row space of B.

Proof:



So row operations do not change the row space, athough they may change the column space.

If Bisinrow echelon form, then its nonzero row vectors are linearly independent. (Why?)

Thusif A isrow-equivalent to amatrix B in echelon form, then the nonzero row vectors of B
form abasis for the row space of A.

1 3 1 3
0o 1 1 0
Example1l: Thematrix A= | -3 0 6 —1 | canberow-reduced to echelon form
3 4 -2 1
2 0 -4 -2

. Sothefirst threerow vectors(1, 3,1, 3), (0,1, 1,0), (0,0, 0, 1)

sy

Il
coo o
cCoo R~ w
OO O~ —
corow

form a basis for the row space of A (aswell asthe row space of B).

This vector space is a subspace of:

Example 2: Wewill find a basis for the subspace of R? spanned by the set
S ={(-1,2,5),(3,0,3),(5,1, 8}
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Begin by forming the matrix A = | 3
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] using the elements of S asits

vectors. A can be row-reduced to echelon form

1 -2 =5
B = [0 1 3 } . S0 the two nonzero row vectors form abasis for span(.S).
0



Now suppose we wish to determine (a basis for) the column space of A instead. One way to do
thisisto find abasis for the row space of A7

Example: Let A bethe matrix from Example 1. Then

AT —

ro -3 3 2

_ 01 9 -5 -6
This row-reduces to echelon form C' = 00 1 —1 -1
00 0 0 O

and so the three nonzero row vectors of C' form a basis for the row space of C'
= the row space of AT
= the column space of A.

Another way to do this: Consider, in Example 1, matrix B, the echelon form of this matrix A.
Notice that column vectors of B arelinearly independent.

Fact: Although the independent column vectors of B do not necessarily form a basis for the
column space of A, the corresponding columns of A are independent and thus do form abasis
for the column space.

Thus, in Example 1, columns number of matrix A form abasisfor the
column space of A.

Notice that in Example 1, the dimension of the row space of A is
and the dimension of the column space of A is

Theorem. The row space and column space of a matrix have the same dimension.
Proof: Seep. 237.

Definition. Therank of amatrix isthe dimension of the row (or column) space of the matrix,
denoted by rank(A).

Example: In Example 1, rank(A) =



Part 2: Null Space

Now we move on to define athird vector space associated with a matrix.

If Aisanm x n matrix, then the vector equation AX = 0 has at |east one solution:
in the vector space

Theorem. The set of all solutions X to the equation AX = 0 forms a subspace of

Proof: Thiswas 4.3 #42 on previous homework.

Definition. This subspaceis called the null space or kernel of the matrix A, denoted by
N(A). Itisaso called the solution space of the system AX = 0.

1 2 -2 1
Example 3: Wewill find the null space of A = [3 6 —5 4]
1 2 0 3

and also abasisfor that space.

Since the matrix equation AX = 0 is homogeneous, we may row-reduce just A rather
than the augmented matrix [A|0]. (Why?)

1 2 0 3
A hasrow echelonform B = |0 0 1 1| corresponding to thelinear system
0 0 0 0

x1 + 229 +3x4=0
3+ x4 =0

There are two parameters. given any z, and x4, it must be that z3 =
and xr1 =

So the null space consists of all vectors of the form

and so a basisfor the null spaceis



Definition. The dimension of the null space of A isthe nullity of A, denoted by nullity(A).

Example: In Example 3 above, the nullity(A) =

Now in Example 3, columns 1 and 3 of B are linearly independent and detemine the rank of the
matrix. The other two columns correspond to the two free variables (parameters), and therefore
determine the nullity of the matrix. Thisistruein general:

Theorem. If A isanm x n matrix of rank r, then the dimension of the null space of A isn — r.
That is, n = rank(A) + nullity(A).
Proof: Seep. 241.
1 0o -2 1 0
o -1 -3 1 3
3

-2 -1 1 -1
0 3 9 0 12

Example: We find the rank and nullity of A =

and also find a basis for its column space.

Note that the size of matrix A is;

1 0 -2 0 1
. 0O 1 3 0 —4
Row-reduce A to the matrix in reduced echelon form B = 00 0 1 -1
00 0 0 O
Thus we see that the rank of B (and hence of A) is:
Therefore by the theorem, the nullity of A is:
Also as before we note that columns of B arelinearly

independent, and thus a basis for the column space of A is:



The next theorem summarizes some of the above results.

Theorem. If matrix A isrow-equivalent to matrix B, then they have the same row space, rank
and nullity.

Theorem. Let A beann x n matrix. Then A isinvertibleif and only if nullity(A) = 0.

Proof:

Corollary: Let A beann x n matrix. Then A isinvertibleif and only if rank(A) =

Proof:

Invertible Matrix Theorem. Let A ben x n. The following 9 statements are equivalent:

1)
2)
3)
4)
5)
6)
7)
8)

9)



