Dr. Nestler - Math 11 - 15.4 Curvature (2nd lecture, handout)

Curvature measures how quickly a smooth, smple curveis bending.

, the magnitude of the rate of change of the unit tangent

We defined curvature by K = || 4L
vector with respect to arc length.
We proved that if acurveis given by avector-valued function7 (), then

K — H?;(t)u _ P )l
7 () GOIR

Example (15.5 #17): Show that the curvature at every point on the circular helix x = acost,

y =asint, z = bt (a > 0) is z%5;. Inparticular, the curvature at all pointsis a constant.

7 = (acost,asint, bt)

/

7 = (—asint, acost,b)

7" = (—acost, —asint, 0)

—/

P x7" = (absint, —abcost, a>.sin’t + a2cos’t)

= (absint, —abcost, a?)

I x7"|| = /aZb? (SN2t + cos’t) + a
=/ a2b? + a* = av/a? + b?

|| = Va2sin’t + a?cost + b% = v/a? + b’

_ava?+b? a
K= (Va2+b2)3 — aP b

Notes: (1) It can be shown that lines and circles are the only plane curves with constant
curvature. The example shows that thisis not true for space curves.
(2) Consider different helices for different values of b. bl im K = 0, which meansthe

faster these curves climb, the smaller the curvature. Also, asb — 0, K — % whichis
the curvature of acircle of radius a.



Special case: C isaplane curve with parametric curves x = f(t), y = g(t).

Then C isdefined in R*by vector function?’ (t) = (f(t), g(t),0)
() =(f.9.0)

() = (4", 0)

—/

P T =(0,0, 19" - f'9)

K _ |flgll7f,,g,‘ o ‘f’g”ff”gq.
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To help remember this formula, notice that the numerator is the absolute value of this

fd
f// g//

determinant:

Example (15.4 #16): Find the curvature of curve z(t) =t — sint, y(t) = 1 — cost at

P(5—1,1).
P correspondsto thevaluet = 7.

x/(t) =1—cost y'(t) =sint

2" (t) =sdint y"(t) = cost
t)(1—cost)—sin’t 2
(g = lomtamusmy | _ 4 _ s
((1—cost)2+sin?t) 2 t=t 22

An even more specia case: C' isaplane curve with equation y = g(z).

Then? (z) = (z, g(z), 0) with parameter z, S0 K = _ '@l

|
(1+(g'(2))?)°

[N

Example: Find the curvature of the parabolay = z* at (0,0), (1,1) and (2,4).

I "o__ — 2
Yy =2x,y' =2= K(x) = i)t
The curvature at the originis K(0) = 2, at (1,1) isK(1) = 5% ~ 0.18,

andat (2,4) isK(2) = # ~ 0.03.
lim K (z) = 0: the parabolabecomes flatter away from origin.
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Example (15.4 #23): Find the points on the curve y = e~* at which the curvature is a maximum.

K(x) = : |(y”|)2)3 — : @’Z T To maximize the function K (x), wefind its critical
1+ y/ 2 14+e 2z 2
points:

672I 3 —e T _efzﬁ 6722; ’ _ 6721‘
k() = e e e,

_efx(1+€72z)+3673x o 0
(1+672.’I))%

_67I+2673z _ 0
(1+e-20)2

—e (1 —=2e2) =0
2e % =1
e =1
2z=Inj=1In2""=—In2
So the only critical pointisz = 1In2 ~ 0.35.
Using the 1st or 2nd derivative test, you can verify that K has a maximum at this critical

point.

m:%an:Inﬁiy:e*'”ﬁ:%:Q.
)

So the curvature is a maximum at thepoint (In /2, ¥2).

Homework: 15.4 Read Example 6, can do #7-12, 23-32, 44-47
15.7 (Chapter 15 Review) can do #16, 17 19

Y ou may wish to skim section 15.6 on Kepler's Laws. Thisis an incredible application of
calculus and vectors, together with Newton's laws of motion, to obtain Kepler's three laws

describing the motion of planetsin our solar system.



