The Chain Rule

There is only one Chain Rule for a function of several variables. Assume f(xz1, 2, x3,...,x,)iSa
function of n variables. Then assume for each fixed i such that 1 < i < nthat z; = g;(t1,t2,t3,...,tm)
where g; is a function of m variables. Then f may also be considered as a function of the m variables
t1,to,13,...,t, and thus has m distinct partial derivatives with respect to those variables. In general,
for each fixed j such that 1 < j < m we may write
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When either n or m is 1 then it is more appropriate to write special cases of the above formula in which
one or more partial derivatives get replaced by regular derivatives. There are exactly three special cases
that can arise in practice.

When n = 1 and m > 2 and we let z = z; and we let g = g, the above expression simplifies to
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When n > 2 and m = 1 and we let t; = = and we let x; = g;(x) then the first expression above
simplifies to

df(g17927935"'gﬂ) _ - af(xhx%x&"'?xﬂ) dgk($)
dz N Z_: oxy, 1 = 91(2) dx
k=1 xy = ga(x)
r3 = g3(7)
Ty = gn(T)

When n = 1and m = 1 and we let z; = = = ¢(t) the above expression simplifies to
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which is the normal Chain Rule for a function of one variable.



