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Some First Semester Calculus
Definitions and Theorems

These pages contain just a few theorems and definitions and examples from the first course in calculus.
Not all the standard definitions and theorems are included here, but the more important results and some
special techniques and generalizations are represented.  An elementary knowledge of limits is required
to read and understand these notes.  A couple of proofs may require a little extra effort by the reader.
These notes are for math majors and those interested in rigorous definitions and proofs as found in real
analysis.  It might be helpful for you to have completed the 2nd course in calculus before you try to read
these notes.

The biggest challenges are understanding the Completeness Axiom for the real number system, the
Monotonic Convergence Theorem, the Nested Intervals Property, and the Bolzano-Weierstrass
Theorem.  These theorems are not always presented in either the first or the second semester of calculus.
But once these theorems are mastered, the proofs of the two most important theorems for continuous
functions, namely the Extreme Value Theorem and the Intermediate Value Theorem will be relatively
easy.

The Nested Interval Property is the main theoretical result that lies behind the Method of Successive
Bisections that is an essential computer technique for solving equations.  The Method of Successive
Bisections is presented in most modern calculus text books that never mention the Nested Interval
property.  Our main use of the Completeness Axiom and the Nested Interval Property is to prove the
existence of certain values related to limits and continuous functions.  In fact, our proofs are
constructive in the sense that they tell exactly how to construct the existence of certain values.  While
alternative indirect proofs may appear to be shorter, they are less intuitive and lack the virtue of being
constructive and lack a direct connection to computer algorithms.

1.   Definition.  (Limit)
Let  be a finite number.  To say that  means  >0 such that wheneverP P œ 0ÐBÑ  !lim

BÄ+

a b% $

!  B  +  0ÐBÑ  P  Þk k k k$ % then we must have 
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2.   Theorem.  (Limit Inequality)
If  for all  in an open interval  containing  and if    and0ÐBÑ Ÿ 1ÐBÑ B M B œ +ß 0ÐBÑ œ Plim

BÄ+

  then lim
BÄ+

1ÐBÑ œ Q P Ÿ QÞ

Proof:  By contradiction.  Assume   Let   Then there exist  and  such thatP  QÞ œ  !Þ
P Q

#
% $ $" #

if  then  and if  then   Now let!  B  +  0ÐBÑ  P  !  B  +  1ÐBÑ Q  Þk k k k k k k k$ % $ %" #

$ $ $ $œ 738Ö ß × B B − M !  B  +  Þ B Á +Þ" # ! ! ! ! and choose  such that  and   Then clearly k k
Moreover,  and  so adding these two inequalities we have theP  0ÐB Ñ  1ÐB Ñ Q ! !% %
special inequality that    Now P  0ÐB Ñ  1ÐB Ñ Q  # Þ P Q œ # Þ! ! % %

 Thus our special inequality says 2  which in turn implies% % Ò 1ÐB Ñ  0ÐB Ñ Ó  #! !

  or .  This contradicts that  for all .1ÐB Ñ  0ÐB Ñ  ! 1ÐB Ñ  0ÐB Ñ 0ÐBÑ Ÿ 1ÐBÑ B − M! ! ! !

 QED

3.   Theorem.  (Squeeze or Sandwich Theorem)
Let ,  and  be any three functions that share a common domain that includes an open0ÐBÑ 1ÐBÑß 2ÐBÑ
interval  that contains the point   Assume for all  that  and assume allM B œ +Þ B − M 0ÐBÑ Ÿ 1ÐBÑ Ÿ 2ÐBÑ
three functions have a limit as   If   and   then  B Ä +Þ 0ÐBÑ œ P P œ 2ÐBÑ 1ÐBÑ œ PÞlim lim lim

BÄ+ BÄ+ BÄ+

Proof:  Apply the above Limit Inequality Theorem 2.  twice, first with  and  to conclude that0ÐBÑ 1ÐBÑ

   and then a second time with  and  to conclude that lim lim
BÄ+ BÄ+

1ÐBÑ   P 1ÐBÑ 2ÐBÑ 1ÐBÑ Ÿ PÞ

 These two inequalities establish that   lim
BÄ+

1ÐBÑ œ PÞ

 QED

4.   Remarks.
Both the Limit Inequality Theorem 2.   and the Squeeze Theorem 3.  hold when all the limits
are replaced by the same kind of a one-sided limit that can be either from the left or from the
right.
The existence of   is not a required hypothesis in the Squeeze Theorem 3.  statement.lim

BÄ+
1ÐBÑ

The inequality that  and the existence of the same limit for the  and0ÐBÑ Ÿ 1ÐBÑ Ÿ 2ÐBÑ 0ÐBÑ
2ÐBÑ 1ÐBÑÞ functions is all that is required to establish the existence of the limit for 
An alternative proof of Theorem  3.  is as follows.  Let  be given.  Since   %  ! 0ÐBÑ œ Plim

BÄ+

there exists a  such that if  then   Since    there$ $ %" "
BÄ+

!  B  +  0ÐBÑ  P  Þ 2ÐBÑ œ Pk k k k lim

exists a  such that if  then   Now let  and$ $ % $ $ $# # " #!  B  +  2ÐBÑ  P  Þ œ 738Ö ß ×k k k k
assume  is such that   Then  and   SinceB !  B  +  Þ   0ÐBÑ  P 2ÐBÑ  P  Þk k $ % %
0ÐBÑ Ÿ 1ÐBÑ Ÿ 2ÐBÑ 0ÐBÑ  P Ÿ 1ÐBÑ  P Ÿ 2ÐBÑ  PÞ we know   So combining the above
inequalitites we have    This implies  0ÐBÑ  P Ÿ 1ÐBÑ  P Ÿ 2ÐBÑ  P  Þ% %k k k k1ÐBÑ  P  Þ  ! !  B  +  1ÐBÑ% % $ $  So given any  we can find a  such that if  then  is
within  of   This establishes that  % PÞ 1ÐBÑ œ PÞlim

BÄ+

 QED
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5.   Theorem.  (Positive Limit)
If   then  such that if  then lim

BÄ+

b0ÐBÑ  !  ! !  B  +  0ÐBÑ  !Þ$ $k k
Proof:  Let    Choose   Then there exists a >0 such that wheneverP œ 0ÐBÑ  !Þ œ Þlim

BÄ+

P
#% $

   then   This means  which in turn implies!  B  +  0ÐBÑ  P  Þ   0ÐBÑ  P k k k k$ % P P
# #

 that !   0ÐBÑ  ÞP $P
# #

QED

6.   Theorem.  (Negative Limit)
If   then  such that if  then lim

BÄ+

b0ÐBÑ  !  ! !  B  +  0ÐBÑ  !Þ$ $k k
Proof:  Let    Choose   Then there exists a >0 such that wheneverP œ 0ÐBÑ  !Þ œ   !Þlim

BÄ+

P
#% $

   then   This means  which in turn!  B  +  0ÐBÑ  P  Þ    0ÐBÑ  P  k k k k ˆ ‰$ % P P
# #

 implies that $P P
# # 0ÐBÑ   !Þ

QED

7Þ   Definition.  Continuous Function At A Point
Let  be any function whose domain includes an open interval that contains the point .0ÐBÑ B œ :
We say  is continuous at  if the following three conditions hold.0ÐBÑ B œ :
 1)   is defined.0Ð:Ñ
 2)    exists.lim

BÄ:
0ÐBÑ

 3)  .0Ð:Ñ œ 0ÐBÑlim
BÄ:

8Þ   Definition.  Continuous Function Over An Open Interval
Let  be any function whose domain includes an open interval 0ÐBÑ Ð+ß ,ÑÞ
We say  is continuous over  if  is continuous at every point 0ÐBÑ Ð+ß ,Ñ 0ÐBÑ : − Ð+ß ,ÑÞ

9.   Definition.  Continuous Function At An Endpoint
Let  be any function whose domain includes a closed interval   We say  is continuous at0ÐBÑ Ò +ß , ÓÞ 0ÐBÑ
the left endpoint  or at the right endpoint  if the two limits in the definition for continuity at a point are+ ,
replaced by the appropriate one-sided limits.  The two limits are from the right at the left endpoint B œ +
and the two limits are from the left at the right endpoint B œ ,Þ
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10.   Theorem.  (Continuous Function Sequence Limit)
Let  be continuous over an open interval  and let  be any convergent sequence whose0ÐBÑ Ð+ß ,Ñ +e f8
values and limit are in .  Then   .Ð+ß ,Ñ 0 + œ 0 +Š ‹ a blim lim

8Ä_ 8Ä_
8 8

Proof:  Let    Claim that  - œ + − Ð+ß ,ÑÞ 0Ð-Ñ œ 0 + Þlim lim
8Ä_ 8Ä_

8 8a b
Let  be given.  Since  is continuous at there exists a  such that if% $ ! 0ÐBÑ B œ -ß  !
!  B  +  0ÐBÑ  0Ð-Ñ  Þ - œ +  !k k k k$ % $ then   Now since   and  there exists anlim

8Ä_
8

integer  such that if  then   So if we choose  then R 8  R +  -  Þ 8  R +  - k k k k8 8$ $
which in turn implies   We have shown for every , eventually  isk k a b0Ð+ Ñ  0Ð-Ñ  Þ  ! 0 +8 8% %
within  of .% 0Ð-Ñ
This means .0Ð-Ñ œ 0 +lim

8Ä_
8a b

QED

11.   Remark.
Note that the above Sequence Limit Theorem 10.  is closely related to the definition of continuity at a

point in the sense that 0 B œ 0ÐBÑÞŠ ‹lim lim
BÄ+ BÄ+

12   Þ Definition.  Function Increasing Over An Interval
A function is called increasing over an interval  if whenever  and  are real numbers in  andM B B M" #

B  B 0ÐB Ñ  0ÐB ÑÞ M" # " # then we must have   The interval  may be closed or half-open or may extend to
infinity in either the left or right or both left and right directions.

13   Þ Definition.  Function Decreasing Over An Interval
A function is called decreasing over an interval  if whenever  and  are real numbers in  andM B B M" #

B  B 0ÐB Ñ  0ÐB ÑÞ M" # " # then we must have   The interval  may be closed or half-open or may extend to
infinity in either the left or right or both left and right directions.

14.   Remark.
Constant functions are neither increasing nor decreasing over any kind of interval.

15   Þ Definition.  Local Maximum for a Function
Let  be defined over an open interval containing the point   The point  is called a local0ÐBÑ -Þ Ð-ß 0Ð-ÑÑ
maximum for  if  for all  in the domain of  near .0ÐBÑ 0ÐBÑ Ÿ 0Ð-Ñ B 0ÐBÑ -
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16   Þ Definition.  Local Minimum for a Function
Let  be defined over an open interval containing the point   The point  is called a local0ÐBÑ -Þ Ð-ß 0Ð-ÑÑ
minimum for  if  for all  in the domain of  near .0ÐBÑ 0ÐBÑ   0Ð-Ñ B 0ÐBÑ -

17   Þ Definition.  Absolute Maximum for a Function
The point  is called an absolute maximum for  if  for all  in the domain ofÐ-ß 0Ð-ÑÑ 0ÐBÑ 0ÐBÑ Ÿ 0Ð-Ñ B
0ÐBÑÞ

18   Þ Definition.  Absolute Minimum for a Function
The point  is called an absolute minimum for  if  for all  in the domain ofÐ-ß 0Ð-ÑÑ 0ÐBÑ 0ÐBÑ   0Ð-Ñ B
0ÐBÑÞ

19   Þ Remark.
Every point on the graph of  where  is a constant is a local maximum and a local minimum0ÐBÑ œ 5 5
and an absolute maximum and an absolute minimum.  Thus a function may have more than one absolute
extrema or local extrema.
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20.   Axiom.  (Completeness Axiom For Real Numbers)
Every nonempty set of real numbers that is bounded above has a least upper bound and every nonempty
set of real numbers that is bounded below has a greatest lower bound.

21.  Remark.
Note that the lower bound property is a consequence of the upper bound property if we just multiply
each number in the set by 1.  Thus a minimal axiom would just be the upper bound statement.  In one
form or another, the Completeness Axiom 20.  is needed to explain an essential element of the real
number system.  Below, we will use the Completeness Axiom to prove a special property that is called
the Nested Interval Property.

22   Þ Theorem.  (Monotonic Convergence)
1) If  is an increasing sequence of numbers that is bounded above, then  exists.e f+ +8 8

8Ä_
lim

2) If  is a decreasing sequence of numbers that is bounded below, then  exists.e f, ,8 8
8Ä_
lim

Proof: We only prove the increasing bounded above case because the proof of the decreasing bounded
below case is similar.  In fact, if the terms of either kind of sequence are multiplied by 1 the
other kind of sequence is obtained.
Apply the Completeness Axiom 20.  for real numbers to the set that is the range of the
sequence  and let  denote the least upper bound of that set.  Claim that    e f+ P + œ PÞ8 8

8Ä_
lim

Let  be given.  Then  is less than the least upper bound of the sequence range.  Claim% % ! P 
that there exists an integer  such that    For otherwise, if  for all ,R +  P  Þ + Ÿ P  8R 8% %
then  would be a smaller upper bound for the sequence range as compared to  itself.  ThisP  P%
contradicts the fact that  is the least upper bound for the sequence range.  So there must existP
some  such that   Since  is increasing, whenever  we also haveR +  P  Þ + 8  RßR 8%
+    P  Þ 8ß + Ÿ P P8 R 8a   We know for all   because  is an upper bound for the sequence%
and we know there exists an integer  such that whenever  then .  So ifR 8  R +  P  8 %
8  R   +  P Ÿ !Þ +  P   œ Þ œ PÞ  then    So   We have shown    a% % %8 8 8

8Ä_
k k k k lim

QED
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23.   Theorem.  (Nested Interval Property)
Let  denote a sequence of closed intervals such that for all  and such that    e f k kM 8ß M © M M œ !8 8" 8 8

8Ä_
lim

where  denotes the length of the interval   Then  for some real number k k e fM M Þ M œ < <Þ8 8 8
8œ"

_


Proof: The Nested Interval Property and the Completeness Axiom 20.  are equivalent to one another,

but here we only show that the Completeness Axiom implies the Nested Interval Property.  We
need to prove both the existence and uniqueness of .  We let  so that we may refer< M œ Ò + ß , Ó8 8 8

to the two sequences that are the left and right endpoints of each closed interval.  The sequencee f+ , Þ8 " is increasing and bounded above by   Thus by the Monotonic Convergence Theorem
22.  the sequence  has a limit  that is the Least Upper Bound of the set of numberse f+ P8 +e f e f+ , + Þ8 8 ".  The sequence  is decreasing and bounded below by   So again by the Monotonic

Convergence Theorem 22.  the sequence  has a limit  that is the Greatest Lower Bounde f, K8 ,

of the set of numbers .  Next we will prove that   To do this we will show that ife f, P œ K Þ8 + ,

P  K P  K+ , + , then we get a contradiction and we will show that if  we also get a
contradiction.  First, temporarily assume that   Let   For all  we haveP  K Þ œ K  P Þ 8+ , , +%
+ Ÿ P  K Ÿ , ,  +   K  P œ Þ8 + , 8 8 8 , + which implies   This contradicts the property that%
the difference between  and  can be made arbitrarily small by going out far enough in both, +8 8

sequences because    .  Next, temporarily assume   Let  solim
8Ä_

8 + ,
+ ,k kM œ ! P  K Þ œ

P K

#
%

that  or .  Since  is the Least Upper Bound of the sequenceK  # œ P K  œ P  P, + , + +% % %e f+ +  P  Þ + Ÿ P 8 T + 8 +, there exists some subscript  such that   For otherwise, if  for allT % %
8 P  +, then  would have been an upper bound for the sequence  that would be smaller+ 8% e f
than the supposed Least Upper Bound,   Also, since  is the Greatest Lower Bound of theP Þ K+ ,

set  there exists some subscript  such that   For otherwise, if  fore f, ,  K  Þ ,   K 8 U , 8 ,U % %
all  then  would be a lower bound that would be greater than the supposed Greatest8ß K , %
Lower Bound,    Finally, we can write   Now let  be anyK Þ ,  K  œ P   + Þ, U , + T% % Q

integer larger than the maximum of both  and   Then since  is increasing and  isT UÞ + ,e f e f8 8

decreasing we have  .  That  contradicts the fact that for all  we, Ÿ ,  + Ÿ + ,  + 8Q U T Q Q Q

should have   With these two contradictions we have shown  and + Ÿ , Þ P   K P Ÿ K Þ8 8 + , + ,

This of course means  and so we may let the real number  be such that P œ K < < œ P œ K Þ+ , + ,

Since  is an upper bound for  we know for all , .  Also, since  is a lower bound for< + 8 + Ÿ < <e f8 8e f, 8 < Ÿ , 8 < − Ò + ß , Ó8 8 8 8 we know for all  that .  These last two statements imply that for all , 

so   To prove  is the only number in this set we assume  is a second< − M Þ < < − M 
8œ" 8œ"

_ _

8 # 8

element where for all  .  Then  is both an upper bound for  and a lower8ß + Ÿ < Ÿ , < +8 8 # 82 e f
bound for .  Since  is the Least Upper Bound for  we know .  Since  is thee f e f, < + < Ÿ < <8 8 #

Greatest Lower Bound for  we know .  These two inequalities imply   For thee f, < Ÿ < < œ < Þ8 # #

future we note that  has the special property that     < + œ < œ , Þlim lim
8Ä_ 8Ä_

8 8

QED
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24.  Theorem.  (Bolzano-Weierstrass)

a)  If  denotes an infinite set of real numbers that is bounded then there exists a number  such thatW P
for every the set  and  has the property that% % % !ß X œ ÖB À P   B  P  B Á P×

      X  W Á gÞ

 b)  Let  denote an infinite sequence of real numbers all contained within a closed interval ÖB × Ò +ß ,ÓÞ8

            Then there exists a subsequence  and there exists a number  such thatÖB × P − Ò +ß ,Ó75

               P œ B Þlim
5Ä_

75

Proof:   a)  Since  is bounded there exists a number  such that   Let  denote theW Q W § ÒQßQÓÞ M!
interval   When  is bisected, one of its halves must contain an infinite number ofÒQßQÓÞ M!
points of , because otherwise, if both halves only contained a finite number of points of  thenW W
their union that is  would only contain a finite number of points of .  Having defined  weM W M! 4

will recursively define  to be that half of  such that  contains an infinite number ofM M M4" 4 4"

points of .  Note that the length of  is   By the Nested Interval Property 23.  we mayW M Þ
Q

#
4 4"

let   Now let  be given.  When  is sufficiently large,   Now becauseP − M Þ  ! 4  Þ
Q

#

4œ"

_

4 4"
% %

no point of  is further away from  than , we must have M P M § ÖB À P   B  P  ×Þ4 4% % %
Now consider the set  and .  Since  contains an infiniteX œ ÖB À P   B  P  B Á P× M% % 4

number of points of  we can choose one, different from , and thus establish that Wß P W  M Á g4

which in turn implies X  W Á gÞ

b)  The set of values  is infinite and is bounded.  So we can apply part a) to conclude thereÖB ×8
exists a number  such that some differs from  by no more than  for every   InP B P  !Þ8 % %
particular there exists an such that   Next, there are an infinite number of 7 P B  "Þ 8 =" 7

wk k
"

such that .  So we can choose  such that  and k k k kP  B  7 7  7 P B  Þ8 # # " 7
" "
# ##

Continuing in this same manner, there are an infinite number of  such that .  So8 = P  B w
8

"k k 3
we can choose  such that  and   So if we continue in this manner, for7 7  7 P B  Þ3 3 2 3k k7

"
3

each positive integer  there exists an  such that   It is now clear that5 7  7 P B  Þ5 5" 7
"
5k k

5

the subsequence  has the property that ÖB × P œ B Þ7 7
5Ä_

5 5
lim

QED
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25   Þ Theorem.  (Bounded Range Over a Closed Interval)
Let  be continuous on a closed interval   Then there exists a number  such that for all0ÐBÑ Ò +ß , ÓÞ Q
B − Ò +ß ,Óß 0ÐBÑ Ÿ QÞ 0ÐBÑk k   In other words, the range of  is bounded.
Proof: Consider the set  is bounded on the closed interval  where W œ Ö? À 0ÐBÑ Ò +ß ?Ó +  ? Ÿ ,Þ×

Since  is continuous at , if we choose , then there exists a  such that0ÐBÑ B œ + œ "  !% $
whenever  and  then   In other words, if B − Ò +ß , Ó B  +  0ÐBÑ  0Ð+Ñ  "Þ + Ÿ B Ÿ + k k k k$ $

#

then 1 .  This means  is bounded over the closed interval  0Ð+Ñ  0ÐBÑ  "  0Ð+Ñ 0ÐBÑ
Ò +ß +  Ó +  − WÞ W W$ $

# # so that   We have established that  is nonempty.   is also bounded above
by   Applying the Completeness Axiom 20. , the set  thus has a least upper bound that? œ ,Þ W

we denote by   We will establish that  by assuming  and getting a contradiction.PÞ P œ , P  ,

First note that since  is continuous on  is it continuous at   Now choose 0ÐBÑ Ò +ß ,Ó B œ PÞ œ "%
and get a  such that if  and  then   Then whenever$ $B − Ò +ß ,Ó B  P  0ÐBÑ  0ÐPÑ  "Þk k k k
  P Ÿ B Ÿ P  "  0ÐPÑ  0ÐBÑ  "  0ÐPÑÞ 0ÐBÑ$ $

# #  we must have   So  is bounded over
the two closed intervals  and .  By applying the maximum of theÒ +ß  PÓ Ò  PßP  Ó$ $ $

# # #

two bounds for these two intervals we know  is bounded over the interval .  This0ÐBÑ Ò +ß P  Ó$#
means  and this contradicts the fact that  was the least upper bound of  if P  − W P W P  ,Þ$

#

However, if  then the contradiction does not occur because all  values are first restrictedP œ , B
to the closed interval  and in all such cases Ò +ß ,Ó B Ÿ ,Þ
QED
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26   Þ Lemma. (Continuous Functions Can't Creep!)
Let  be continuous on a closed interval   Then either there exists an  such that0ÐBÑ Ò +ß , ÓÞ B − Ò +ß Ó‡ +,

#

for all   or there exists an  such that for all D − Ò ß ,Ó 0ÐDÑ Ÿ 0ÐB Ñ B − Ò ß ,Ó D − Ò +ß Ó+, +, +,
# # #

‡ ‡

0ÐDÑ Ÿ 0ÐB ÑÞ Ò +ß ,Ó‡   In other words, one half of  contains an upper bound for all function values in the
other half of Ò +ß ,ÓÞ
Proof: By contradiction.  Assume  has the property that for each  there exists a0ÐBÑ B − Ò +ß Ó‡ +,

#

D − Ò ß ,Ó 0ÐDÑ  0ÐB Ñ B − Ò ß ,Ó D − Ò +ß Ó+, +, +,
# # #

‡ ‡ such that  and for each  there exists a  such
that    We call this the  for the function over the closed interval0ÐDÑ  0ÐB ÑÞ‡ creeping property
Ò +ß ,Ó.  Our goal is to show that a continuous function defined over a closed interval does NOT
have this property.

Let   In other words,  is the range of the function.   is nonempty andW œ Ö0ÐBÑ À B − Ò +ß ,Ó ×Þ W W
by Theorem 25   is bounded above.  So the range set has a least upper bound that weÞ W W

denote by   For all  we must have   We cannot have  becausePÞ B − Ò +ß ,Ó 0ÐBÑ  PÞ 0ÐBÑ œ P
otherwise, by the creeping property, we could find a  in the half of  that does not contain D Ò +ß ,Ó B
such that   and this would contradict the fact that  is the least upper bound for0ÐDÑ  0ÐBÑ œ P P
the range of 0Þ

Next we are going to construct a sequence of domain points in   We let  be any startingÒ +ß ,ÓÞ B‡
!

point in the domain .  Whatever half of  contains  there exists an  in the other halfÒ +ß ,Ó Ò +ß ,Ó B B‡ ‡
! "

such that   Then whatever half of  contains  we apply the creeping0ÐB Ñ  0ÐB ÑÞ Ò +ß ,Ó B" ! "
‡ ‡ ‡

property to find an  in the other half such that   We keep applying theB 0ÐB Ñ  0ÐB Ñ  0ÐB ÑÞ# # " !
‡ ‡ ‡ ‡

creeping property to construct an infinite sequence of increasing range values .  All values0ÐB Ñ‡8
in this range sequence are bounded above by  and yet the range sequence is increasing.  ThusP
by the Monotonic Convergence Theorem the range sequence must converge to 22.  PÞ

    Now the domain sequence  is an infinite subset of  and so by thelim
8Ä_

‡ ‡
8 80ÐB Ñ œ PÞ ÖB × Ò +ß ,Ó

Bolzano-Weierstrass Theorem 24  it must contain a convergent subsequence, call it Þ Ö= ×Þ7
‡

Let     Then  and we wish to consider the value = œ = Þ = − Ò +ß ,Ó 0Ð= ÑÞ! ! !
7Ä_

7
‡lim

By the Continuous Function Sequence Limit Theorem 10  Þ ß 0Ð= Ñ œ 0 = œ!
7Ä_

‡
7Š ‹lim

     lim lim
7Ä_ 8Ä_

‡ ‡
7 80Ð= Ñ œ 0ÐB Ñ œ PÞ

Now if  has the creeping property, whatever half of  contains  we can find a  in the0ÐBÑ Ò +ß ,Ó = D!

other half such that .  This contradicts the fact that  was the least upper0ÐDÑ  0Ð= Ñ œ P P!

bound of the range set .W
QED
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27   Þ Theorem.  (Extreme Value Theorem)
Let  be continuous on a closed interval   Then there exist numbers  and  in  (not0ÐBÑ Ò +ß , ÓÞ - . Ò +ß , Ó
necessarily distinct and not necessarily unique) such that the point  is an absolute minimum ofÐ-ß 0Ð-ÑÑ
0ÐBÑ Ð.ß 0Ð.ÑÑ 0ÐBÑÞ and the point  is an absolute maximum of 
Proof:  We only prove this for the case of an absolute maximum, since once that is established the
 minimum value can be proved by considering the function   Any absolute minimum of0ÐBÑÞ
 any function  must be an absolute maximum of the function   and vice versa.1ÐBÑ 1ÐBÑ

We will create a sequence of nested closed intervals and a sequence of special points   The firstÞ
interval is denoted by  and we let   Having defined , we recursively define  toM M œ Ò +ß , ÓÞ M M! ! 4 4"

be either the left or right half of  by the decision rule that  is the left half of  if the leftM M M4 4" 4

half of  contains an -value denoted by  such that  for all  in the right half ofM B B 0ÐB Ñ   0ÐDÑ D4 4 4
‡ ‡

M B M M4 4 4"
‡
4.  Otherwise, if no such  value exists in the left half of  then  is chosen as the right half

of   Note that by Lemma M Þ4 26  when  is chosen as the right half of , then that right halfÞ M M4" 4

contains an -value that we also denote by  such that  for all z in the left B B 0ÐB Ñ   0ÐDÑ‡ ‡
4 4 half of

M Þ B M4 44
‡  We will call the qualifying  number the  for the  interval. In all cases we can find aleader

qualifying -value, say  in one half of  such that  for all  in the other half ofB B ß M 0ÐB Ñ   0ÐDÑ D4 4
‡ ‡

4

M4.
 
 Our decision choice should always be possible and should never be ambiguous.  For the case in
 which  is constant over the entire  interval we will always choose and continue to only0ÐBÑ M4

choose the left subinterval as .  In selecting , we choose such a value so that the M B 0ÐB Ñ4" 4" 4
‡ ‡

values form a non-decreasing sequence     Also, for all  weÞ 0 B Ÿ 0 B Þ D − Ò +ß , Ó  Mˆ ‰ ˆ ‰
4 4"
‡ ‡

4

have  where  is the leader for 0ÐDÑ Ÿ 0ÐB Ñ B M Þ4 4
‡ ‡

4

 Since each next interval is half the length of its predecessor, the closed intervals keep shrinking
 in size.  As  increases, the set  becomes larger and includes more of 4 Ò +ß , Ó  M Ò +ß , ÓÞ4

By the Nested Interval Property, Theorem 23. , we may let   Then B œ M Þ B œ B! 4 !
4œ"

_

4Ä_
4
‡ lim

because the points  always lie between the endpoints of each  interval and both end pointB M4
‡

4

sequences converge to the same limiting value, namely   Claim that  is an absoluteB Þ 0 B! !a b
maximum of  over the entire closed interval 0ÐBÑ Ò +ß , ÓÞ

 
To establish this claim, we choose any  where   Then there must exist someB − Ò +ß , Ó B Á B Þ!
value  such that  but   Then by the property already noted,  and  4 B − M B Â M Þ B − Ò +ß , Ó  M4 4" 4"

for any  in this set we know    where inB 0ÐBÑ Ÿ 0 B Ÿ 0 B œ 0 B œ 0 Bˆ ‰ ˆ ‰ Œ  a b4" 4 4
‡ ‡ ‡

4Ä_ 4Ä_
!lim lim

the first equality we apply the Continuous Function Sequence Limit Theorem 10. .
We have shown for all  that   Let  and the point  is theB − Ò +ß , Ó 0ÐBÑ Ÿ 0 B Þ . œ B Ð.ß 0Ð.ÑÑa b! !

desired absolute maximum.
 QED
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28   Þ Theorem.  (Intermediate Value Theorem)
Let  be continuous on a closed interval  where   Let  be such that 0ÐBÑ Ò +ß , Ó 0Ð+Ñ Á 0Ð,ÑÞ C 7  C  Q
where  and  are the absolute minimum and maximum of  over   Then there exists at least7 Q 0ÐBÑ Ò +ß , ÓÞ
one number  such that  and .- +  -  , 0Ð-Ñ œ C
Proof: We will create a sequence of nested closed intervals based on the following defining rules.
 First, there exist -values  and  such that  and .  Without loss ofB B B 7 œ 0ÐB Ñ Q œ 0ÐB ÑP" V" P" V"

 generality we can assume  and we define our first closed interval B  B M œ Ò B ß B ÓÞP" V" " P" V"

 Note that  lies between  and C 0 B 0 B Þa b a bP" V"

 Having defined , we recursively define  to be either the left or right half of  by a decisionM M M4 4" 4

 rule based on the function value of the midpoint of .  If  denotes the midpointM B œ
B  B

#
4 7

P4 V4

 of  then there are two cases to be considered.M4
 If  then we are done with the entire proof.  Note in this case that the0ÐB Ñ œ C7

 midpoint can never be either of the endpoints  or .  Thus when we take  we know+ , - œ B7

 +  -  ,Þ
 If  then  must lie between either  and  or else  must lie between0ÐB Ñ Á C C 0 B 0 B C7 P4 7a b a b
  and .  In either case, we define  to be the interval whose endpoints are such0 B 0 B Ma b a b7 V4 4"

 that  lies strictly between the function values when the function is evaluated at those endpoints.C
 We rename the new endpoints of  so that   Then  is a value that liesM M œ Ò B ß B ÓÞ C4" 4" P4" V4"

 between  and .  Moreover, 0 B 0 B M § M Þa b a bP4" V4" 4" 4

The  intervals shrink in length by a factor of  at each stage.  By the Nested Interval PropertyM4
"
#

23.  of the real numbers we know there exists an -value that is common to all the closedB

intervals.  Let   Claim that .B œ M Þ C œ 0 B! 4 !
4œ"

_

 a b
To establish this claim we note that  and B œ B B œ B Þ! P4 ! V4

4Ä_ 4Ä_
lim lim

  is continuous so by the Continuous Function Sequence Limit Theorem 10. ,0ÐBÑ

   and .0 B œ 0 B œ 0 B 0 B œ 0 B œ 0 Ba b a b a b a bŒ  Œ ! P4 P4 ! V4 V4
4Ä_ 4Ä_ 4Ä_ 4Ä_
lim lim lim lim

 So we have shown .lim lim
4Ä_ 4Ä_

P4 V40 B œ 0 Ba b a b
Now for all ,  lies between  and  and so by the Squeeze Theorem 3.  applied to4 C 0 B 0 Ba b a bP4 V4

sequences, since ,    shares the same value as these two limits.lim lim lim
4Ä_ 4Ä_ 4Ä_

P4 V40 B œ 0 B Ca b a b
 But .  Thus we have established that C œ C C œ 0 B Þlim

4Ä_
!a b

 QED
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29.   Theorem.  (Continuous Positive Value)
If  is continuous at  and if  then there exists an open interval  containing  such0ÐBÑ B œ + 0Ð+Ñ  ! M +
that for all , B − M 0ÐBÑ  !Þ

Proof:  Let   Then  since   Since  is continuous at ,% %œ Þ  ! 0Ð+Ñ  !Þ 0ÐBÑ B œ +
0Ð+Ñ

#
  .  Thus there exists a  such that if   thenlim
BÄ+

0ÐBÑ œ 0Ð+Ñ  ! !  B  + $ $k k
k k0ÐBÑ  0Ð+Ñ  Þ M œ Ð+  ß +  Ñ B − MÞ B œ + 0ÐBÑ  !% $ $  Let  and let   If  then clearly 
because   So we may assume  and then .  This0Ð+Ñ  !Þ !  B  +  0ÐBÑ  0Ð+Ñ k k k k$ %
means    So this means    Ð0ÐBÑ  0Ð+ÑÑ   # œ 0Ð+ÑÞ 0ÐBÑ  0Ð+Ñ  0Ð+ÑÞ 0ÐBÑ  !Þ% %
0ÐBÑ  !Þ  A simpler alternative proof is just to apply the Positive Limit Theorem 5. .

 QED

30.   Corollary.  (Continuous Negative Value)
If  is continuous at  and if  then there exists an open interval  containing  such0ÐBÑ B œ + 0Ð+Ñ  ! M +
that for all , B − M 0ÐBÑ  !Þ
Proof:  Consider the function   If  is continuous so is  and .1ÐBÑ œ 0ÐBÑÞ 0ÐBÑ 1ÐBÑ 1Ð+Ñ œ 0Ð+Ñ  !

So we may apply the Positive Value Theorem 29.  to  to conclude  is strictly positive1ÐBÑ 1ÐBÑ

in some neighborhood of .  Then  must be strictly negative in that same+ 0ÐBÑ œ 1ÐBÑ
neighborhood.  A simpler alternative proof is just to apply the Negative Limit Theorem 6. .

 QED

31   Þ Theorem.  (Fermat)
If  has a local extrema at  and if  exists then 0ÐBÑ B œ - 0 Ð-Ñ 0 Ð-Ñ œ !Þw w

Proof:  First we assume  is a local minimum. Then whenever  is near , we must haveÐ-ß 0Ð-ÑÑ B -
0Ð-Ñ Ÿ 0ÐBÑÞ 2 0Ð-Ñ Ÿ 0Ð-  2ÑÞ  If we let  denote a sufficiently small positive number then 

Therefore   which also implies  0 .  From this last! Ÿ 0Ð-  2Ñ  0Ð-Ñ Ÿ
0Ð-  2Ñ  0Ð-Ñ

2
inequality we can apply Theorem 2.  and its following Remark 4  to conclude that

! œ ! Ÿ œ 0 Ð-ÑÞ 0 Ð-Ñ   !Þ
0Ð-  2Ñ  0Ð-Ñ

2
      So far we have only shown that lim lim
2Ä! 2Ä!

w w
 

Next, if  is a sufficiently small negative number then we still have  so that as2 0Ð-Ñ Ÿ 0Ð-  2Ñ
above we still have   But since  is negative, when we divide both sides of! Ÿ 0Ð-  2Ñ  0Ð-ÑÞ 2

this last inequality by  we have 0.  From this last inequality we have2 Ÿ
0Ð-  2Ñ  0Ð-Ñ

2

   .  So   We have shown both  0 Ð-Ñ œ Ÿ ! œ ! 0 Ð-Ñ Ÿ !Þ 0 Ð-Ñ   !
0Ð-  2Ñ  0Ð-Ñ

2
w

2Ä! 2Ä!

w wlim lim
 

and    These two statements imply  0 Ð-Ñ Ÿ !Þ 0 Ð-Ñ œ !Þw w

 The case in which  is a local maximum is exactly as above with all inequalitiesÐ-ß 0Ð-ÑÑ
reversed.

 QED
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32   Þ Corollary.
If  has a local extrema at  then  is a critical number for the function 0ÐBÑ B œ -ß - 0 ÐBÑÞw

Proof:  If  is undefined then obviously  is a critical number for   On the other hand, if 0 Ð-Ñ - 0 ÐBÑÞ 0 Ð-Ñw w w

exists then we can apply Fermat's Theorem 31.  to conclude  which also shows that 0 Ð-Ñ œ ! -w

is a critical number.  In either case  is a critical number.-
 QED

33   Þ Corollary.
If  exists and  then  is not a local extrema point0 Ð-Ñ 0 Ð-Ñ Á ! Ð-ß 0Ð-ÑÑ Þw w

Proof:  This statement is the contrapositive of Corollary 32 .Þ

 QED

34   Þ Example.  A Continuous Function Without Any Extrema
0ÐBÑ œ B3 is continuous but it has neither a local maximum nor a local minimum and it does not have
any absolute extrema either!

35   Þ Theorem.
If  is continuous on   and  has an absolute extrema at  in the open interval 0ÐBÑ Ò +ß , Ó 0ÐBÑ B œ - Ð+ß ,Ñ
then  is a critical number for - 0 ÐBÑÞw

Proof:  The point  is a local extrema so apply Corollary 32 .Ð-ß 0Ð-ÑÑ Þ

 QED

36   Þ Theorem.
Let  be continuous on .  Then  may have local extrema at the endpoints where neither0ÐBÑ Ò +ß , Ó 0ÐBÑ
endpoint is a critical number for    must have absolute extrema at one or both endpoints0ÐBÑÞ 0ÐBÑ
whenever  does not have any absolute extrema in the open interval 0ÐBÑ Ð+ß ,ÑÞ
Proof:  By the Extreme Value Theorem 27.  for continuous functions,  has an absolute maximum0ÐBÑ

and an absolute minimum in   The endpoints can also just be local extrema when  has itsÒ +ß , ÓÞ 0
absolute extrema at points in the open interval Ð+ß ,ÑÞ

 QED

37.   Theorem.  (Differentiable Implies Continuous)
If  is differentiable at  then  is continuous at 0ÐBÑ B œ + 0ÐBÑ B œ +Þ

Proof:  ! œ ! † 0 Ð+Ñ œ ÐB  +Ñ † 0 Ð+Ñ œ ÐB  +Ñ † œ
0ÐBÑ  0Ð+Ñ

ÐB  +Ñ
w w

BÄ+ BÄ+ BÄ+
lim lim lim

lim lim lim
BÄ+ BÄ+ BÄ+

œ  e f e fÐB  +Ñ † œ 0ÐBÑ  0Ð+Ñ œ 0ÐBÑ  0Ð+ÑÞ
0ÐBÑ  0Ð+Ñ

ÐB  +Ñ
 

QED
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38   Þ Theorem.  (Rolle)
Let  be continuous on the closed interval   and differentiable on the open interval   If0ÐBÑ Ò +ß , Ó Ð+ß ,ÑÞ
0Ð+Ñ œ 0Ð,Ñ > - +  -  , 0 Ð-Ñ œ !Þ hen there exists at least one point , where  such that w

Proof:  Case 1:   for some constant 0ÐBÑ œ 5 5Þ

 Then  may be chosen as any value between  and , say let - + , - œ Þ
+  ,

#
 Case 2: There exists an  in  such that B Ð+ß ,Ñ 0ÐBÑ  0Ð+ÑÞ
  Then  has an absolute maximum at some point    where 0ÐBÑ B œ - - Á +
  and   So  must be in   Since  is differentiable over ,- Á ,Þ - Ð+ß ,ÑÞ 0ÐBÑ Ð+ß ,Ñ
   exists.  By Fermat's Theorem 31. , 0 Ð-Ñ 0 Ð-Ñ œ !Þw w

 Case 3:  There exists an  in  such that B Ð+ß ,Ñ 0ÐBÑ  +Þ
  Then  has an absolute minimum at some point   where 0ÐBÑ B œ - - Á +
  and   So  must be in   Since  is differentiable over- Á ,Þ - Ð+ß ,ÑÞ 0ÐBÑ
  ,  exists.  By Fermat's Theorem 31. , Ð+ß ,ÑÑ 0 Ð-Ñ 0 Ð-Ñ œ !Þw w

 QED

39Þ   Theorem.  (Mean Value Theorem for Derivatives)
Let  be continuous on the closed interval   and differentiable on the open interval 0ÐBÑ Ò +ß , Ó Ð+ß ,ÑÞ

Then there exists at least one point , where  such that - +  -  , œ 0 Ð-ÑÞ
0Ð,Ñ  0Ð+Ñ

,  +
w

Proof: Compute the equation of the linear function  that is the secant line between1ÐBÑ

  and   Let Ð+ß 0Ð+ÑÑ Ð,ß 0Ð,ÑÑÞ 1ÐBÑ œ ÐB  +Ñ  0Ð+ÑÞ
0Ð,Ñ  0Ð+Ñ

,  +
 Since  is a linear function  is both continuous and differentiable1ÐBÑ 1ÐBÑ
 everywhere.  In particular  is continuous on  and is differentiable over1ÐBÑ Ò +ß , Ó
 Ð+ß ,ÑÞ
 Next, consider the function  that is the difference between  and 2ÐBÑ 0ÐBÑ 1ÐBÑÞ
    is continuous on  and is differentiable on 2ÐBÑ œ 0ÐBÑ  1ÐBÑÞ 2ÐBÑ Ò +ß , Ó Ð+ß ,Ñ
 since both  and  are continuous and differentiable over the respective0ÐBÑ 1ÐBÑ
 intervals.  Moreover, 2Ð+Ñ œ 0Ð+Ñ  1Ð+Ñ œ 0Ð+Ñ  0Ð+Ñ œ !Þ
 Also, 2Ð,Ñ œ 0Ð,Ñ  1Ð,Ñ œ 0Ð,Ñ  0Ð,Ñ œ !Þ
 We have shown that  so we may apply  Rolle's Theorem 38.  to the2Ð+Ñ œ 2Ð,Ñ

 function   We conclude there exists a number  in  such that 2ÐBÑÞ - Ð+ß ,Ñ 2 Ð-Ñ œ !Þw

 But   This means  and since2 Ð-Ñ œ 0 Ð-Ñ  1 Ð-ÑÞ 0 Ð-Ñ œ 1 Ð-Ñw w w w w

  we are done because then 1 Ð-Ñ œ 0 Ð-Ñ œ Þ
0Ð,Ñ  0Ð+Ñ 0Ð,Ñ  0Ð+Ñ

,  + ,  +
w w

  QED
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40.   Theorem.  (Increasing/Decreasing Test)
Let  be such that  exists over an interval 0ÐBÑ 0 ÐBÑ MÞw

1)  If  on  then  is increasing over 0 ÐBÑ  ! M 0ÐBÑ MÞw

2)  If  on  then  is decreasing over 0 ÐBÑ  ! M 0ÐBÑ MÞw

Proof:  Let  and  be any two numbers in the interval  where B B M B  B Þ" # " #

 By the Mean Value Theorem there exists a number  between  and  such that39.  - B B" #

0ÐB Ñ  0ÐB Ñ œ 0 Ð-ÑÐB  B ÑÞ ÐB  B Ñ  ! 0 Ð-Ñ# " # " # "
w w  Since  the sign of  matches the sign of

0ÐB Ñ  0ÐB Ñ# " .
 So if  then  meaning  is increasing.0 Ð-Ñ  ! 0ÐB Ñ  0ÐB Ñ 0ÐBÑw

# "

 If  then  meaning  is decreasing.0 Ð-Ñ  ! 0ÐB Ñ  0ÐB Ñ 0ÐBÑw
# "

 QED

41.   Theorem.  (First Derivative Test)
Let  be continuous in an open interval containing  where either  does not exist or 0ÐBÑ - 0 Ð-Ñ 0 Ð-Ñ œ !Þw w

1) If  changes from positive to negative across  then  is a local maximum.0 ÐBÑ - Ð-ß 0Ð-ÑÑw

2) If  changes from negative to positive across  then  is a local minimum.0 ÐBÑ - Ð-ß 0Ð-ÑÑw

3) If  does not change signs across  then  is not a local extrema.0 ÐBÑ - Ð-ß 0Ð-ÑÑw

Proof:  Apply the Increasing/Decreasing Test 40.  to both sides of .-
 1)  is increasing on the left and decreasing on the right making a local0ÐBÑ
      maximum at B œ -Þ
 )  is decreasing on the left and increasing on the right making a local# 0ÐBÑ
      minimum at B œ -Þ
 3)  is always increasing or always decreasing around .  This means0ÐBÑ B œ -
      is neither a local maximum nor a local minimum.B œ -
 QED

42.   Theorem.  (Same Derivatives)
Let  and  be two functions such that  for all 0ÐBÑ 1ÐBÑ 0 ÐBÑ œ 1 ÐBÑ B − Ð+ß ,ÑÞw w

Then there exists a constant  such that for all  we have 5 B − Ð+ß ,Ñ 0ÐBÑ œ 1ÐBÑ  5Þ
Proof:  Consider the function   For all  we know 2ÐBÑ œ 0ÐBÑ  1ÐBÑÞ B − Ð+ß ,Ñ 2 ÐBÑ œ !Þw

So if  and  are both in  where without loss of generality we assume ,  then byB B Ð+ß ,Ñ B  B" # " #

the Mean Value Theorem 39.  there exists some  such that  andB B  B  B" #

2ÐB Ñ  2ÐB Ñ

B  B
œ 2 ÐBÑÞ 2 ÐBÑ œ ! Bß 2ÐB Ñ  2ÐB Ñ œ !Þ

# "

# "

w w
# "  Since  for all  the fraction numerator 

This means  for all  and  in   So  must be constant over   If2ÐB Ñ œ 2ÐB Ñ B B Ð+ß ,ÑÞ 2ÐBÑ Ð+ß ,ÑÞ# " " #

for all   then  or B − Ð+ß ,Ñß 2ÐBÑ œ 5 0ÐBÑ  1ÐBÑ œ 5ß 0ÐBÑ œ 1ÐBÑ  5Þ
QED
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43.   Definition. Concave Up Function
A function  is called concave up over an interval  if  lies above all of its tangents over .0ÐBÑ M 0ÐBÑ M

44.   Definition. Concave Down Function
A function  is called concave down over an interval  if  lies below all of its tangents over .0ÐBÑ M 0ÐBÑ M

45.   Theorem.  (Concavity Test)
1)  If  for all  in an interval  then  is concave up on .0 ÐBÑ  ! B M 0ÐBÑ Mww

2)  If  for all  in an interval  then  is concave down on .0 ÐBÑ  ! B M 0ÐBÑ Mww

Proof: 1) Assume  and let  be any number in   Must show the graph of 0 ÐBÑ  ! + MÞ 0ÐBÑww

 lies above the tangent line given by:  C œ 0 Ð+ÑÐB  +Ñ  0Ð+ÑÞw

 So let  where .  We must show B − M B Á + 0ÐB Ñ  0 Ð+ÑÐB  +Ñ  0Ð+ÑÞ" " " "
w

 Case 1: B  +Þ"

  Apply the Mean Value Theorem 39.  to  over   There exists0ÐBÑ Ò +ß B ÓÞ"

  a number  such that  such that - +  -  B 0ÐB Ñ  0Ð+Ñ œ 0 Ð-ÑÐB  +ÑÞ" " "
w

  By the Increasing/Decreasing Theorem 40.   we conclude that  is0 w

  increasing on  because  on   So  so multiplyingM 0 ÐBÑ  ! MÞ 0 Ð+Ñ  0 Ð-Ñww w w

  this inequality by the positive number   and then adding  weÐB  +Ñ 0Ð+Ñ"

  get 0 Ð+ÑÐB  +Ñ  0Ð+Ñ  0 Ð-ÑÐB  +Ñ  0Ð+ÑÞw w
" "

  Finally we substitute  to arrive at0ÐB Ñ  0Ð+Ñ œ 0 Ð-ÑÐB  +Ñ" "
w

  0 Ð+ÑÐB  +Ñ  0Ð+Ñ  0ÐB Ñ  0Ð+Ñ  0Ð+ÑÞw
" "

  This means  which is all we need show.0ÐB Ñ  0 Ð+ÑÐB  +Ñ  0Ð+Ñ" "
w

 Case 2: B  +Þ"

  This case is similar to Case 1, except we apply the Mean Value Theorem
  39.  to  over the interval  and we multiply by the negative0ÐBÑ Ò B ß + Ó"

  number Ð+  B ÑÞ"

   This is similar to the proof of 1) except the inequalities change sense.#Ñ
 QED

46.   Theorem.  (Second Derivative Test)
Assume  is continuous near  and assume 0 ÐBÑ - 0 Ð-Ñ œ !Þww w

1)  If  then  is a local minimum.0 Ð-Ñ  ! Ð-ß 0Ð-ÑÑww

2)  If  then  is a local maximum.0 Ð-Ñ  ! Ð-ß 0Ð-ÑÑww

Proof:  1)  By the continuity of  near  and the fact that  we know by the Positive Value0 ÐBÑ - 0 Ð-Ñ  !ww ww

 Theorem 29.   in some interval containing .  Now apply the above Concavity0 ÐBÑ  ! -ww

 Test Theorem 45.   to conclude  is concave up around .  The point  must be a0ÐBÑ - Ð-ß 0Ð-ÑÑ

 local minimum.
 2)  The proof of this part is similar to that for 1) except the graph is concave down and we apply
 the Negative Value Theorem 30.  making the point a local maximum.
 QED
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47.   Definition.  Partition of a Closed Interval
Let  be any closed interval.  By a partition of  we mean any set of  points in the intervalÒ +ß , Ó Ò +ß , Ó 8  "
Ò +ß , Ó œ ÖB ß B ß B ßá ß B × B œ + B œ , ! Ÿ 3 Ÿ 8  ", say ,  where  and  and where for  we have ! " # 8 ! 8

B  B Þ3 3"

48.   Definition.  A Set of Sample Points Associated With A Partition
Let  be any partition of the closed interval .  By a set of sample points œ ÖB ß B ß B ßá ß B × Ò +ß , Ó! " # 8

associated with  we mean a set  of  points in   where for  we have Ö- ß - ß - ßá ß - × 8 Ò +ß , Ó " Ÿ 3 Ÿ 8" # $ 8

B Ÿ - Ÿ B Þ3" 3 3

49.   Definition.  Riemann Sum For A Partition and Sample Point Set
Let  be a continuous function over a closed interval .  Let  be any0ÐBÑ Ò +ß , Ó œ ÖB ß B ß B ßá ß B × ! " # 8

partition of  and let  be a set of sample points associated with .  ThenÒ +ß , Ó Ö- ß - ß - ßá ß - ×" # $ 8 

!
3œ"

8

3 3 3"0Ð- ÑÐB  B Ñ is called the Riemann sum associated with the partition  and the set of sample

points - Þ3

50.   Definition.  Norm Of A Partition
Let  be any partition of the closed interval .  We denote the norm or the œ ÖB ß B ß B ßá ß B × Ò +ß , Ó! " # 8

mesh of  by   and define this to be the number that is the maximum of the numbers l l
?B œ ÐB  B ÑÞ3 3 3"

51.   Definition.  Definite Integral of a Continuous Function
Let  be a continuous function over a closed interval   Let  denote the norm of any0ÐBÑ Ò +ß , ÓÞ l l
partition  of the closed interval .  Let  be any set of sample points associated Ò +ß , Ó Ö- ß - ß - ßá ß - ×" # $ 8

with .

'
+

,

Ä! 3œ"

8

3 3 3"0ÐBÑ.B œ 0Ð- Ñ B  B liml l Œ ! a b
provided this limit exists.

52.   Definition.  Signed Area For A Function
Let  be a continuous function over a closed interval   We define the  associated0ÐBÑ Ò +ß , ÓÞ signed area
with the function  and the closed interval  to be the number0ÐBÑ Ò +ß ,Ó

'
+

,

0ÐBÑ.B
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53.   Definition.  Average Value For A Function
Let  be a continuous function over a closed interval   We define the average value associated0ÐBÑ Ò +ß , ÓÞ
with the function  and the closed interval  to be the number0ÐBÑ Ò +ß , Ó

"

,  +
'

+

,

0ÐBÑ.B

54.   Theorem.  (Comparison of Integrals)
Let  and  both be continuous over  and assume for all  we have .0ÐBÑ 1ÐBÑ Ò +ß , Ó B − Ò +ß , Ó 0ÐBÑ Ÿ 1ÐBÑ

Then  .' '
+ +

, ,

0ÐBÑ.B Ÿ 1ÐBÑ.B

Proof:  Let  be any partition of the closed interval  and let œ ÖB ß B ß B ßá ß B × Ò +ß , Ó! " # 8

  be a set of sample points associated with the partition .Ö- ß - ß - ßá ß - ×" # $ 8 
 Then for  we know .  Thus," Ÿ 3 Ÿ 8 0Ð- Ñ Ÿ 1Ð- Ñ3 3

   ! !a b a b
3œ" 3œ"

8 8

3 3 3" 3 3 3"0Ð- Ñ B  B Ÿ 1Ð- Ñ B  B Þ

 Note that the above inequality is independent of the size of   Thus wel l Þ
 conclude by a process similar to the Limit Inequality Theorem  that2.  

       lim liml l l l Ä! Ä!3œ" 3œ"

8 8

3 3 3" 3 3 3"Œ  Œ ! !a b a b0Ð- Ñ B  B Ÿ 1Ð- Ñ B  B

 and this means that  .' '
+ +

, ,

0ÐBÑ.B Ÿ 1ÐBÑ.B

 QED
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55.   Theorem.  (Mean Value Theorem For Integrals)
Let  be a continuous function over a closed interval   Then there exists at least one number 0ÐBÑ Ò +ß , ÓÞ -
such that

0Ð-Ñ œ 0ÐBÑ.B
"

,  +
'

+

,

Proof:  By the Extreme Value Theorem 27.  for continuous functions, there exist numbers  and 7 Q

where  is an absolute minimum of  and  is an absolute maximum of  over  7 0ÐBÑ Q 0ÐBÑ Ò +ß , Ó
and there exist values  and  such that: ;

  1)  0Ð:Ñ œ 7
    #Ñ 0Ð;Ñ œ Q
     and [ .$Ñ : − Ò +ß , Ó ; − +ß , Ó
  4)  For all  B − Ò +ß , Óß 7 Ÿ 0ÐBÑ Ÿ QÞ

 Now by the Comparison Test For Integrals 54. ,

' ' '
+ + +

, , ,

7 † .B Ÿ 0ÐBÑ.B Ÿ Q † .B

7Ð,  +Ñ Ÿ 0ÐBÑ.B Ÿ QÐ,  +Ñ'
+

,

0Ð:Ñ œ 7 Ÿ 0ÐBÑ.B Ÿ Q œ 0Ð;Ñ
"

,  +
'

+

,

 We have shown  is a value between the two -coordinates  and .
"

,  +
0ÐBÑ.B C 0Ð:Ñ 0Ð;Ñ'

+

,

 Since  is continuous over  we may apply the Intermediate Value Theorem 28  for0ÐBÑ Ò +ß , Ó Þ

continuous functions to conclude there exists a number  strictly between  and  such that- + ,

0Ð-Ñ œ 0ÐBÑ.BÞ
"

,  +
'

+

,

 QED
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56.   Theorem.  (Fundamental Theorem of Calculus)
Let  be a continuous function over a closed interval 0Ð>Ñ Ò +ß , ÓÞ

 1)  The function  has a derivative at every point  andJÐBÑ œ 0Ð>Ñ.> B − Ò +ß , Ó'
+

B

 moreover  
.J

.B
œ 0ÐBÑÞ

    where  is any antiderivative of #Ñ 0ÐBÑ.B œ KÐ,Ñ  KÐ+Ñ KÐBÑ 0ÐBÑÞ'
+

,

Proof:  1)      J ÐBÑ œ œ œ
JÐB  2Ñ  JÐBÑ

2 2

0Ð>Ñ.>  0Ð>Ñ.>
w

2Ä! 2Ä!

+ +

B2 B

lim lim
' '

       where  depends on  but lim lim lim
2Ä! 2Ä! 2Ä!

B

B2' 0Ð>Ñ.>

2 2
œ œ 0Ð-Ñ - 2 -

0Ð-Ñ † 2

  is such that  when  and  is such that B  -  B  2 2  ! - B  2  -  B
  when   The second to last equality above makes use of the Mean Value Theorem for2  !Þ
  Integrals   In either case, as   so that  55. . 2 Ä !ß - Ä B 0Ð-Ñ œ 0ÐBÑÞlim

2Ä!

  So continuing to take this limit,   J ÐBÑ œ 0Ð-Ñ œ 0ÐBÑÞw

2Ä!
lim

 2)  Let  be any antiderivative of  and let  be defined as in part 1).KÐBÑ 0ÐBÑ JÐBÑ
  Then both  and  are anti-derivatives of the same  functionKÐBÑ JÐBÑ 0ÐBÑ
  so by Theorem there must exist a constant  such that   Finally,42.  5 KÐBÑ œ JÐBÑ  5Þ

  KÐ,Ñ  KÐ+Ñ œ JÐ,Ñ  5  JÐ+Ñ  5 œ JÐ,Ñ  JÐ+Ñ œe f e f
  ' ' ' '

+ + + +

, + , ,

0Ð>Ñ.>  0Ð>Ñ.> œ 0Ð>Ñ.>  ! œ 0Ð>Ñ.>Þ

 QED
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57.   Example:  A Continuous Function  where  Is Not Continuous0ÐBÑ 0 ÐBÑw

Let    Then, 
 

0ÐBÑ œ
B † =38 30 B Á !

! 30 B œ !
œ ˆ ‰# "

B

 1) 0 Ð!Ñ œ !w

  if  then #Ñ B Á ! 0 ÐBÑ œ #B=38  -9=w " "
B B

ˆ ‰ ˆ ‰
 3)   is not continuous at  because 0 ÐBÑ B œ ! 0 ÐBÑ Á 0 Ð!ÑÞw w w

BÄ!
lim

Proof:  1)  0 Ð!Ñ œ œ œ œ
0Ð!  2Ñ  0Ð!Ñ 0Ð2Ñ  ! 0Ð2Ñ

2 2 2
w

2Ä! 2Ä! 2Ä!
lim lim lim

  .  Now 1  so if lim lim
2Ä! 2Ä!

# "
2 " "

2 2

2 =38

2
œ 2 † =38  Ÿ =38 Ÿ " 2  !

ˆ ‰ ˆ ‰ ˆ ‰
  then  so applying the Squeeze Theorem 3.  we have2 Ÿ 2 † =38 Ÿ 2ˆ ‰"

2

  .  If  then we can again multiply by , but then welim
2Ä!

"
2

2 † =38 œ ! 2  ! 2ˆ ‰
  must reverse the inequality to get .  Again by the2  2 † =38  2ˆ ‰"

2

  Squeeze Theorem 3.     .  Since both one-sided limits make ,lim
2Ä!

"
2

2 † =38 œ ! !ˆ ‰
  we have shown 0 Ð!Ñ œ !Þw

 2)  If , we can apply the product rule to computeB Á !
  0 ÐBÑ œ #B † =38  B † -9= † " B œ #B=38  -9=w # #" " " "

B B B B
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b

 3)   D.N.E. because the first term approaches 0 whilelim
BÄ!

" "
B B

˜ ™ˆ ‰ ˆ ‰#B=38  -9=

   D.N.E..lim
BÄ!

"
B-9=ˆ ‰

 The figure below shows the graph of  which has small damped oscillations near theC œ 0ÐBÑ
origin.  See also, the next figure which shows the graph of

 C œ 0 ÐBÑÞw

1 2-1-2

1

-1

 Example continued on the next page.
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 The figure below shows the graph of  whose oscillations near the origin are notC œ 0 ÐBÑw

damped at all; the oscillations really vary between  and ." "

1 2-1-2

1

2

-1

-2

58.   Theorem.  (Intermediate Values For Derivatives)
Let  be differentiable over a closed interval   If  and  and if  is0ÐBÑ Ò +ß , ÓÞ 0 Ð+Ñ œ E 0 Ð,Ñ œ F Gw w

between  and  then there exists at least one value  such that E F - − Ð+ß ,Ñ 0 Ð-Ñ œ GÞw

Proof:  Without loss of generality we assume E  G  FÞ
 From the limit definition for any derivative, we can find a positive number  such that2

  and 
0Ð+  2Ñ  0Ð+Ñ 0Ð,  2Ñ  0Ð,Ñ

2  2
 G G 

 So the function   has the property that JÐBÑ œ JÐ+Ñ  G  JÐ,  2ÑÞ
0ÐB  2Ñ  0ÐBÑ

2

 So  is an intermediate value for the function   Now since  is differentiable over theG JÐBÑÞ 0ÐBÑ
 closed interval , it is also continuous over that same interval.  So  is continuous overÒ +ß , Ó J ÐBÑ
  and by the Intermediate Value Theorem 28.  we know there is a point  such thatÒ +ß , Ó B!

  where  is such that JÐB Ñ œ G B +  B  ,  2Þ! ! !

 By the Mean Value Theorem 39.  applied to  over the interval  there exists a0ÐBÑ Ò B ß B  2Ó! !

 point  such that-

0 Ð-Ñ œ œ JÐB Ñ œ G
0ÐB  2Ñ  0ÐB Ñ

2
w ! !

!

 where   Now from the first inequality above for  and this last inequality for B  -  B  2Þ B -! ! !

 we have    In other words, +  B  -  B  2  ,Þ - − Ð+ß ,ÑÞ! !

 QED
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59.   Theorem.  (Linear Approximation)
Let  be differentiable at .  Then the function  is called the Linear0ÐBÑ B œ + PÐBÑ œ 0Ð+Ñ  0 Ð+ÑÐB  +Ñw

Approximation to  at  and has the property that  and 0ÐBÑ B œ + PÐ+Ñ œ 0Ð+Ñ P Ð+Ñ œ 0 Ð+Ñw w

and moreover .  This means when  is close to , lim lim
BÄ+ BÄ+

wPÐBÑ œ 0ÐBÑ B + 0ÐBÑ ¸ 0Ð+Ñ  0 Ð+ÑÐB  +ÑÞ

Proof:  It is trivial that  and that PÐ+Ñ œ 0Ð+Ñ P Ð+Ñ œ 0 Ð+ÑÞw w

The more significant property is that .  To prove this limit we only need tolim lim
BÄ+ BÄ+

0ÐBÑ œ PÐBÑ

compute   Now since  is assumedlim lim
BÄ+ BÄ+

wPÐBÑ œ 0Ð+Ñ  0 Ð+ÑÐB  +Ñ œ 0Ð+ÑÞ 0ÐBÑ

differentiable at  by Theorem 37.   is continuous at  and by continuity weB œ +ß ß 0ÐBÑ B œ +

know .  Each of the two limits,  and , have been shown to be0Ð+Ñ œ 0ÐBÑ PÐBÑ 0ÐBÑlim lim lim
BÄ+ BÄ+ BÄ+

the same as  so both limits must equal each other.0Ð+Ñ
QED

60.   Theorem.  ( th Degree Taylor Polynomial Approximation)8

Let  be differentiable  times at   Then the function 0ÐBÑ 8 B œ +Þ :ÐBÑ œ ÐB  +Ñ œ
0 Ð+Ñ

3x
!
3œ!

8 Ð3Ñ
3

0Ð+Ñ  0 Ð+ÑÐB  +Ñ  ÐB  +Ñ  ÐB  +Ñ â ÐB  +Ñ 8
0 Ð+Ñ 0 Ð+Ñ 0 Ð+Ñ

#x $x 8x
w # $ 8

ww www Ð8Ñ

  is called the th

Degree Taylor Polynomial Approximation to  at    is a polynomial of degree .0ÐBÑ B œ +Þ :ÐBÑ 8

It has the property that for   .  Moreover, 3 œ !ß "ß #ß $ßá ß 8 : Ð+Ñ œ 0 Ð+Ñ 0ÐBÑ œ :Ð+ÑÞÐ3Ñ Ð3Ñ

BÄ+ BÄ+
lim lim

When  is close to  we have:B +

0ÐBÑ ¸ 0Ð+Ñ  0 Ð+ÑÐB  +Ñ  ÐB  +Ñ  ÐB  +Ñ â ÐB  +Ñ
0 Ð+Ñ 0 Ð+Ñ 0 Ð+Ñ

#x $x 8x
w # $ 8

ww www Ð8Ñ

Proof:  Clearly  and by continually differentiating  and then substituting  we find:Ð+Ñ œ 0Ð+Ñ :ÐBÑ B œ +

that when    That  is just as trivial.  Since  is3   "ß : Ð+Ñ œ 0 Ð+ÑÞ :ÐBÑ œ 0Ð+Ñ 0ÐBÑÐ3Ñ Ð3Ñ

BÄ+
lim

differentiable at by Theorem 37. ,   is continuous at  so we also haveB œ +ß 0ÐBÑ B œ +

lim lim
BÄ+ BÄ+

0ÐBÑ œ 0Ð+Ñ œ :Ð+ÑÞ

QED



page 25

61.   Theorem.  (Even Higher Derivative Test)
Assume  is differentiable in a neighborhood of  and assume0ÐBÑ B œ +

0 Ð+Ñ œ 0 Ð+Ñ œ 0 Ð+Ñ œ â œ 0 Ð+Ñ œ ! 0 Ð+Ñ Á ! 8   #Þw ww www Ð8"Ñ Ð8Ñ and  where 
 1) If  is even and  then  is a local maximum.8 0 Ð+Ñ  ! 0Ð+ÑÐ8Ñ

 2) If  is even and  then  is a local minimum.8 0 Ð+Ñ  ! 0Ð+ÑÐ8Ñ

 3) If  is odd then  is neither a local maximum nor a local minimum.8 0Ð+Ñ
Proof:   1) Consider the th Degree Taylor Polynomial Approximation to the function  as given in8 0ÐBÑ

Theorem 60. .  When  is very close to  we have the approximation:B +

0ÐBÑ ¸ 0Ð+Ñ  0 Ð+ÑÐB  +Ñ  ÐB  +Ñ  ÐB  +Ñ â
0 Ð+Ñ 0 Ð+Ñ

#x $x
w

ww www
# $

  ÐB  +Ñ  Þ
0 Ð+Ñ 0 Ð+ÑÐB  +Ñ

8  " x 8x

Ð8"Ñ Ð8Ñ 8
Ð8"Ña b

If the first  derivatives of  vanish at  then this approximation simplifies toÐ8  "Ñ 0ÐBÑ B œ +
just the sum of two terms.

0ÐBÑ ¸ 0Ð+Ñ 
0 Ð+ÑÐB  +Ñ

8x

Ð8Ñ 8

Note that if  is even then  is positive so the sign of the 2nd term is determined8 ÐB  +Ñ8

entirely by the sign of   So if  and if  is chosen sufficiently close to  it0 Ð+ÑÞ 0 Ð+Ñ  ! B +Ð8Ñ Ð8Ñ

is clear that     This implies  when  is0ÐBÑ ¸ 0Ð+Ñ  Ð+ 8/1+>3@/ 8?7,/<ÑÞ 0ÐBÑ Ÿ 0Ð+Ñ B
near .  Thus in this case  is a local maximum.+ 0Ð+Ñ

2) This part is identical to part 1) except now the second term is positive.
0ÐBÑ ¸ 0Ð+Ñ  Ð+ :9=3>3@/ 8?7,/<ÑÞ 0ÐBÑ   0Ð+Ñ B +    This implies  when  is near .
Thus in this case  is a local minimum.0Ð+Ñ

3) Again, refer to part 1).

0ÐBÑ ¸ 0Ð+Ñ 
0 Ð+ÑÐB  +Ñ

8x

Ð8Ñ 8

Now when  is odd, the sign of  is irrelevant to the sign of the second term because8 0 Ð+ÑÐ8Ñ

the second term changes sign depending on whether  or   Since  can be near B  + B  +Þ B +
but on either side of , we get both:+
0ÐBÑ ¸ 0Ð+Ñ  Ð+ 8/1+>3@/ 8?7,/<Ñ 0ÐBÑ ¸ 0Ð+Ñ  Ð+ :9=3>3@/ 8?7,/<ÑÞ   and   
Clearly the only conclusion that can be drawn is that  is neither a local maximum nor a0Ð+Ñ
local minimum in this part.

QED

62.   Remark:  The above Theorem 61  is a generalization of the Second Derivative Test 46. .Þ
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63.   Theorem.  (Generalized Mean Value Theorem;  Cauchy)
 Assume  and  are both continuous on  and that both functions are differentiable on0ÐBÑ 1ÐBÑ Ò+ß ,Ó
  and further assume that for all , 0. Then there exists at least one numberÐ+ß ,Ñ B − Ð+ß ,Ñ 1 ÐBÑ Áw

- +  -  , where  such that
0Ð,Ñ  0Ð+Ñ 0 Ð-Ñ

1Ð,Ñ  1Ð+Ñ 1 Ð-Ñ
œ Þ

w

w

Proof:   Let 2ÐBÑ œ Ò1Ð,Ñ  1Ð+ÑÓ † Ò0ÐBÑ  0Ð+ÑÓ  Ò1ÐBÑ  1Ð+ÑÓ † Ò0Ð,Ñ  0Ð+ÑÓÞ
Then it is trivial to show that   It is also easy to show that the remaining2Ð+Ñ œ ! œ 2Ð,ÑÞ
hypotheses of Rolle's Theorem 38.  are satisfied by the  function.  So we can find at least2ÐBÑ

one number  such that   But - 2 Ð-Ñ œ !Þ 2 ÐBÑ œ Ò1Ð,Ñ  1Ð+ÑÓ † 0 ÐBÑ  1 ÐBÑ † Ò0Ð,Ñ  0Ð+ÑÓÞw w w w

Now we can substitute  and arrive at the equationB œ -

Ò1Ð,Ñ  1Ð+ÑÓ † 0 Ð-Ñ œ 1 Ð-Ñ † Ò0Ð,Ñ  0Ð+ÑÓw w

from which the equation in the theorem statement immediately follows if we divide both sides of
this equation by the term .1 Ð-Ñ † Ò1Ð,Ñ  1Ð+ÑÓw

Note that we use the fact that  to establish the first factor is nonzero.  We also need to1 Ð-Ñ Á !w

apply the Mean Value Theorem 39.  to  to be able to write 1ÐBÑ 1Ð,Ñ  1Ð+Ñ œ Ð,  +Ñ † 1 Ð-Ñw

and then we can use this fact to conclude that the other factor   So dividingÒ1Ð,Ñ  1Ð+ÑÓ Á !Þ
both sides of the above equation by the nonzero term  is what yields the1 Ð-Ñ † Ò1Ð,Ñ  1Ð+ÑÓw

equation in the theorem statement.
QED

64Þ RemarkÞ
 The statement of the Generalized Mean Value Theorem 63  reduces to that of the Mean ValueÞ

 Theorem 39.  if the function 1ÐBÑ œ BÞ
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